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Abstract. We characterize the structure of maximum-size sum- free subsets of a random 
subset of an AbeUan group G. In particular, we determine the threshold above which, with 
high probability as \G\ — )■ oo, each such subset is contained in some maximum-size sum- free 
subset of G, whenever q divides \G\ for some (fixed) prime q with q = 2 (mod 3). Moreover, 
in the special case G = 'Lin-, we determine the sharp threshold for the above property. 
The proof uses recent 'transference' theorems of Conlon and Gowers, together with stability 
theorems for sum-free subsets of Abelian groups. 



1. Introduction 

One of the most important developments in Combinatorics over the past twenty years has 
been the introduction and proof of various 'random analogues' of well-known theorems in 
Extremal Graph Theory, Ramsey Theory, and Additive Combinatorics. Such questions were 
first introduced for graphs by Babai, Simonovits, and Spencer (see also the work of Frankl 
and Rodl [19]) and for additive structures by Kohayakawa, Luczak, and Rodl [32]. There has 
since been a tremendous interest in such problems (see, for example, [231 ESI EZl EB])- This 
extensive study has recently culminated in the remarkable results of Conlon and Gowers [12] 
and Schacht [13] (see also [SI [211 SOI 112]) in which a general theory was developed to attack 
such questions. 

The main theorems in [15] and [13] resolved many long-standing open questions; however, 
they provide only asymptotic results. For example, they imply that, with high probabilit}{3, 
the largest triangle-free subgraph of the random graph G(n,p) has 

edges if p ^ 1/ ^Jn^ which is best possible. A much more precise question asks the following: 
For which functions p = "pin) is, with high probability, the largest triangle-free subgraph 
of G{n,p) bipartite? It was proved that this is true if p = 1/2 by Erdos, Kleitman, and 
Rothschild [18], if p ^ 1/2 — 5 by Babai, Simonovits, and Spencer [7], and if p ^ by 
Brightwell, Panagiotou, and Steger [TU]; here, S and e are small positive constants. Finally, 
after this work had been completed, DeMarco and Kahn [TH] showed that this also holds if 
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p ^ C ^y\ogn/n, where C is some positive constant. This is best possible up to the value of 
C since, as pointed out in [lOj, the statement is false when p ^ ^A/logn/n. 

In the setting of additive number theory, the first results on such problems were ob- 
tained by Kohayakawa, Luczak, and Rodl [32], who proved the following random version of 
Roth's Theorem [39]. The p-random subset of a set X is the random subset of X, where 
each element is included with probability p, independently of all other elements. We say 
that a subset B of an Abelian group G is 6 -Roth if every subset A O B with \A\ ^ S\B\ 
contains a 3-term arithmetic progression. The main result of ^32j is that for every 5 > 0, if 
p ^ C{6)/^/n, then the p-random subset of Z„ is 5-Roth with high probability. This is again 
best possible up to the constant C{6). 

Given a sequence (Gn) of Abelian groups with |G„| = n, we say that pc = pdji) is 
a threshold function for a property V if the p-random subset B C Gn has V with high 
probability if p = p{n) ^ Pc{n) and B does not have V with high probability if p ^ pc- 
A threshold function is sharp if moreover the above holds with p > (1 + e)pc and p < 
(1 — e)pc for any fixed e > 0. Bollobas and Thomason [9] proved that every monotone 
property has a threshold function, and there exists a large body of work addressing the 
problem of the existence of sharp thresholds for monotone properties, see [2T|, [221 130]. Non- 
monotone properties, such as the one which we shall be studying, are more complicated and 
in general they do not have such thresholds. We shall prove that such a threshold does exist 
in the setting of sum-free subsets of Abelian groups described below and, moreover, we shall 
determine it. For Z2„, we shall prove much more: that there exists a sharp threshold. 

A subset A of an Abelian group G is said to be sum-free if there is no solution to the 
equation x + y = z with x,y,z E A. Such forbidden triples (x, y, z) are called Schur triples. 
(Note that we forbid some triples with x = y, and also some with x = z; the results and 
proofs in the case that such triples are allowed are identical.) In 1916, Schur [S] proved that, 
given any r-colouring of the integers, there exists a monochromatic Schur triple. Graham, 
Rodl, and Rucihski [2S] studied the random version of Schur's Theorem and proved that the 
threshold function for the existence of a 2-colouring of the p-random set -B C Z„ without a 
monochromatic Schur triple is 1/ ^/n. The extremal version of this question, that is, that of 
determining the size of the largest sum-free subset of the p-random subset of was open 
for fifteen years, until it was recently resolved by Conlon and Gowers [15] and Schacht [13]. 

Sum-free sets have been extensively studied over the past 40 years (see, e.g., [H |5l [121 
[TH |20l US]), mostly in the extremal setting. For example, in 1969 Diananda and Yap [T7] 
determined the extremal density for a sum-free set in every Abelian group G such that \G\ 
has a prime divisor q with q ^ 1 (mod 3). However, more than 30 years had passed until the 
classification was completed by Green and Ruzsa [21] (see Theorem 12. 1^ below). Another 
well-studied problem was the Cameron- Erdos Conjecture (see [21[TT1|T31I2S1ISS]), which asked 
for the number of sum-free subsets of the set {1, . . . ,n} and was finally solved by Green [2B] 
and, independently, by Sapozhenko [H]. A refinement of their theorem has recently been 
estabhshed in [1]. 

In this paper, we shall study the analogue of the Babai-Simonovits-Spencer problem for 
sum- free sets. Let G = Z2n. It is not hard to see that the unique maximum-size sum-free set 
in G is the set of odd numbers. We shall prove a probabilistic version of this statement 
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and determine the threshold Pc for the property that the unique maximum- size sum-free 
subset of the p-random subset _B of G is the set B n 02n- In fact, we shall do better and 
determine a sharp threshold for this property. 

For a set -B C G, let SFo(-B) denote the collection of maximum-size sum-free subsets of B. 
The following theorem is our main result. 

Theorem 1.1. Let C = C{n) ^ logn/n and let p = p{n) satisfy p^n = Clogn. Let Gp be 
the p-random subset o/Z2„. Then 

p(sF„(G,) = {G,no.„}) - (° 

\ / 11 z/limmf„(7(n) > 1/3 

as n oo. Moreover, if C = 1/3, then P(SFo(G'p) = {Gp fl 02„}) as n oo. 

We remark that the threshold for the asymptotic versions of this statement, i.e., that (i) 
the largest sum-free subset of Gp has (1 + o{l))pn elements and (ii) that all sum-free subsets 
of Gp with (1 -|- o{l))pn elements contain only o{pn) even numbers, determined by Conlon 
and Gowers [15] (both (i) and (ii)) and Schacht [43J (only (i)), is l/y/n and so it differs from 
our threshold by a factor of A/log n. 

We shall also determine the threshold Pc{n) for all Abelian groups of type 1(g) (see the 
definition below), i.e., those for which |G| = n has a (fixed) prime divisor q with q = 2 
(mod 3). Say that a set S C G is sum-free good if every maximum-size sum- free subset of 
B is of the form 5 n A for some A e SFo(G). 

Theorem 1.2. Let q be a prime number satisfying q = 2 (mod 3). There exist positive 
constants Cq and Cq such that the following holds. 

Let Q = {Gn)neqN bc a sequence of Abelian groups, with = n, such that q divides \G\ 
for every G E Q . Let G = G{n) ^ logn/n, let p = p{n) satisfy p^n = Clogn, and let Gp be 
the p-random subset of G = Gn- Then 



P^Gp is sum- free goodj — )■ 



ifG<Cq 
tfC>Gq 



as n oo. 



We remark that the conclusion of the theorem fails to hold when we do not assume that 
|G| has a prime divisor q with q = 2 (mod 3). Indeed, we shall show (see Proposition 15.11) 
that if G = Zsq, where q is prime and g = 1 (mod 3), then the probability that Gp is sum- 
free good goes to zero (as n = |G| — )■ oo) for all p <^ (nlogn)"^/^. We shall also prove the 
same bound for the group G = Zg, where q = 2 (mod 3) (see Proposition 15.21) . which shows 
that the condition n ^ g in Theorem 11.21 is also necessary. 

We note also that, perhaps not surprisingly, the constant G = 1/3 in Theorem ll.ll is not the 
same for every Abelian group G with |G| even. Indeed, we shall show (see Proposition 15.31) 
that for the hypercube G = with |G| = 2n, the threshold Pc is at least ^J\ogn/ {2n). 

Finally, we remark that, in a recent paper with Alon [3], we prove a 'counting version' of 
Theorem II. 2[ More precisely, we determine the threshold for m above which a uniformly 
selected random m-element sum-free subset of an n-element group G of type / is contained 
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in some maximum size sum-free subset of G. The somewhat related problem of determining 
the size of the largest Sidon setH in a p-random subset of the set {1, . . . , n} has also recently 
been addressed in [31], where sharp bounds were obtained for a large range of p. 

The remainder of the paper is organized as follows. In Section |2l we collect some extremal 
results on Abelian groups and the probabilistic tools that will be needed later. In particular, 
we state our main tool, a theorem of Conlon and Gowers [15] (see also jlOl Il3]), which 
provides asymptotic versions of Theorems 11.11 and 11.21 Theorem 11.21 is proved in Section H] 
and in Section |S] we prove the lower bounds for other Abelian groups described above. Finally, 
in Section [HI we prove Theorem 11.11 



2.1. Extremal results on Abelian groups. Let G be a finite Abelian group. Given two 
subsets A, i? C G, we let 



Note that a subset A of G is sum-free if (A + A) fl A = 0. We begin with an important 
definition in the study of sum-free subsets of finite Abelian groups. 

Definition. Let G be a finite Abelian group. We say that 

(1) G is of type I if |G| has at least one prime divisor q with q = 2 (mod 3). 

(2) G is of type II if |G| has no prime divisors q with q = 2 (mod 3), but |G| is divisible 



(3) G is of type III if every prime divisor q of |G| satisfies q = I (mod 3). 

Moreover, we say that G is of type 1(g) if G is of type I and q is the smallest prime divisor 
of |G| with q = 2 (mod 3). 

Given an Abelian group G, let /i(G) be the density of the largest sum-free subset of G 
(so that this subset has /i(G)|G| elements). As noted in the Introduction, the problem of 
determining //(G) for an arbitrary G has been studied for more than 40 years, but only 
recently was it solved completely by Green and Ruzsa [29] . 

Theorem 2.1 (Diananda and Yap [T7], Green and Ruzsa [2S])- Let G be an arbitrary finite 
Abelian group. Then 



2. Preliminaries and tools 



A± B = {a±b: a e A and b E B}. 



by 3. 




Note that it follows immediately from Theorem 12.11 that 

2/7 ^ /i(G) ^ 1/2 

for every finite Abelian group G. 



'A set A is called a Sidon set if all the sums x + y, where x,y £ A with x ^ y are distinct. 
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Recall that SFo(G) denotes the collection of all maximum- size sum- free subsets of G, i.e., 
those that have fi{G)\G\ elements. As well as determining ^{G), Diananda and Yap 
described SFo(G') for all groups of type I (see also |29l Lemma 5.6]). 

Theorem 2.2 (Diananda and Yap [H]). Let G be a group of type I{q) for some prime 
q = 3k + 2. For each A G SFo(G'), there exists a homomorphism ip: G ^ Tjq such that 



In other words, every A G SFo(G) is a union of cosets of some subgroup H of G of index 
q, A/H is an arithmetic progression in G/H , and AU {A + A) = G. 

We shall also need the following well-known bound on the number of homomorphisms 
from an arbitrary finite Abelian group to a cyclic group of prime order, which follows easily 
from Kronecker's Decomposition Theorem. 

Proposition 2.3. For every prime q, the number of homomorphisms from a finite Abelian 
group G to the cyclic group Zg is at most \G\. 

Theorem 12.21 and Proposition 12.31 immediately imply the following. 

Corollary 2.4. Let G be an arbitrary group of type L Then \ SFo(G')| ^ \G\. 

We will also need the following corollary from the classification of maximum-size sum-free 
subsets of Zsg, where g is a prime with q = I (mod 3), due to Yap ^6] . 

Corollary 2.5. If q is a prime with q = 1 (mod 3), then \ SFo(Z3g)| ^ 2q. 

In the proof of Theorem II. 2^ we will use the following two lemmas, which were proved 
in [22] and [33] respectively. The first lemma establishes a strong stability property for large 
sum-free subsets of groups of type I. 

Lemma 2.6 (Green and Ruzsa [29]). Let G be an Abelian group of type I{q)- If A is a 

sum-free subset of G and 



then A is contained in some A' G SFo(G). 

The second lemma is a rather straightforward corollary of a much stronger result of Lev, 
Luczak, and Schoen [33]. 

Lemma 2.7 (Lev, Luczak, and Schoen [33]). Let e > 0, let G be a finite Abelian group, and 



then one of the following holds: 

(a) \A \ A'\ ^ 6\G\ for some sum-free A' C A. 
(6) A contains at least e^lGl"^ / 27 Schur triples. 

We remark that a more general statement, the so-called Removal Lemma for groups, was 
proved by Green [27] (for Abelian groups) and Krai, Serra, and Vena [33] (for arbitrary 
groups). Lemmas 12.61 and 12.71 immediately imply the following. 



A = ^-\{k + l,...,2k + l}). 




let ACG. If 
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Corollary 2.8. Let G be a group of type I{q), where q is a prime q = 2 (mod 3), and let 

oose that 

A\ ^ {fi{G) - e)\G\. 



< £ < Q^2!)_9g ■ Let A C G and suppose that 



Then one of the following holds: 

(a) \A \ A'\ ^ 6\G\ for some A' G SFo(G). 

(b) A contains at least 6'^\G\'^ / 27 Schur triples. 

Proof. Suppose first that |A \ A"| > ^IGI for every sum- free A" C A. By Theorem 12.11 and 
our choice of e, we have |y4| ^ (1/3 + e)!^!. Hence, by Lemma \2.7\ A contains at least 
£^|(jp/27 Schur triples, as required. 

So assume that there exists a sum-free set A" C A with |yl \ y4"| ^ elGI. Then 



\A"\ ^ \A\-s\G\ ^ {^{G)-2e)\G\ > (^^{G) - ^^^^^ 



\G\., 



and so, by Lemma [2. 6[ A" is contained in some A' G SFo(G'). But then 

\A\A'\ ^ \A\A"\ ^ 6\G\, 
and so we are done in this case as well. □ 

2.2. Probabilistic tools. We shall next recall three well-known probabilistic inequalities: 
the FKG inequality, Janson's inequality, and Chernoff 's inequality. 

Given an arbitrary set X and a real number p G [0, 1], we denote by Xp the p-random 
subset of X, i.e., the random subset of X, where each element is included with probability p 
independently of all other elements. In the proof of our main results, we shall need several 
bounds on the probabilities of events of the form 

/\iB^^Xp), 
i&I 

where Bi are subsets of X. The first such estimate can be easily derived from the FKG 
Inequality (see, e.g., [6] Section 6.3]). 

The FKG inequality. Suppose that {-Bjjjg/ is a family of subsets of a finite set X and let 
p G [0, 1]. Then 

¥{B,^Xpforalltel) >l[¥{B,^Xp) = J] (l - pl^'l) . (1) 

The second result, due to Janson (see, e.g., [6, Section 8.1]), gives an upper bound on the 
probability in the left-hand side of ([1]) expressed in terms of the intersection pattern of the 
sets Bi. 

Janson's inequality. Suppose that {Bi}i^j is a family of subsets of a finite set X and let 
p G [0,1]. Let 

M = l[{l~p\^^\), ^ = J2p\B^\, and A = 5^pl^'^^^l, 

i&I i&I i^j 
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where i ^ j denotes the fact that i ^ j and Bif} Bj ^ ^. Then, 



¥{Bi ^ Xp for all i e I) ^ min {Me^/^'-'^^ 6^^+^/'} . 



Furthermore, if A ^ fi, then 



F{Bi ^ Xp for all i E I) ^ e-'^'/(2A)_ 



Finally, we will need the following well-known concentration result for binomial random 
variables; see, e.g., [6l Appendix A]. 

Chernoff 's inequality. Let X be the binomial random variable with parameters n and p. 
Then for every positive a. 



2.3. The Conlon-Gowers Theorem. In order to prove the 1-statements in Theorems ll.il 
and ll.2[ i.e., that every maximum-size sum- free subset of Gp is of the form AdGp for some 
A G SFo(G), provided that p is sufficiently large, we need the following approximate version 
of this statement, which can be derived from Corollary 12.81 using the transference theorems 
of Conlon and Gowers [15]. This is done in Section [31 

Theorem 2.9. For every e > and every prime q with q = 2 (mod 3), there exists a 
constant C = C{q,6) > such that the following holds. Let G be an arbitrary n-element 
group of type I{q). If 



then, with high probability as n ^ oo, for every sum-free subset of Gp with 



there is an A E SFo(G) such that \B\A\ ^ epn. 

After this work had been completed a more transparent proof of Theorem 12.91 than the 
one originally included here was given in [10] using a refinement of the methods of |43j . 
Moreover, Theorem 12.91 can be quite easily deduced from the main results of [8] and |42j . 

2.4. Notation. For the sake of brevity, we shall write y for the set {y}. We shall also use 
A to denote the "correlation measure" as in Janson's inequality, above, and A(G) for the 
maximum degree in a graph G. We trust that neither of these will confuse the reader. 



In this section, we derive Theorem 12.91 from the transference theorems of Conlon and 
Gowers [TB]. Unfortunately, for technical reasons, their methods can only be applied under 
the additional assumption that p ^ C{q,e)~^. Therefore, we will show how to derive Theo- 
rem [23] from the following statement, which in turn can be proved using the aforementioned 
transference theorems. 




and 





3. The Conlon-Gowers Method 
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Theorem 3.1. For every e G (0, 1), and every prime q with q = 2 (mod 3), there exists a 
constant C = C{q,e) > such that the following holds. Let G be an arbitrary n-element 
group of type I{q). If 

C 1 

^ < " « c- 



then a.a.s. for every sum-free subset of Gp with 

there is an A & SFo(G) such that \B\A\ ^ epn. 

In order to deduce Theorem 12.91 from Theorem 13.11 we simply chop p into sufficiently 
small pieces, apply Theorem 13.11 to each piece, and then show that we obtain the same set 
A G SFo(G) for (almost) all of the pieces. 

Proof of Theorem \2.9[ . Clearly, it suffices to consider the case p ^ C{q,e)^^. To this end, 
fix some p G (0, 1], let Cq = l/(10g^ + lOg), let e' = ecg/i, and let M be the least positive 
integer satisfying 2p/M ^ 1/C", where C' = C{q,e') is the constant defined in the statement 
of Theorem 13.11 Assign to each x G G a number t{x) G [0, 1] uniformly at random and for 
all ie[M], let 

G' = {xeG: (i - l)p/M ^ t{x) ^ ip/M}. 

It is not hard to see that U . . . U has the same distribution as Gp, that G* has the 
same distribution as Gp/M for every i G [M], and that G* U G^ has the same distribution 
as G2p/M for all distinct i,j G [M]. Since M = 0(1), a.a.s. the following statements hold 
simultaneously: 

(i) For all i G [M] , G* satisfies the assertion of Theorem 13.11 
(n) For all distinct i,j G [M], G* U G^ satisfies the assertion of Theorem 13.11 
(Hi) For all i G [M] and distinct A, A' G SFo(G), |G* n A\ ^ (/i(G) + e')pn/M and 

\G'r\Ar\A\ <: (^{g)-^\ ^. 



2g2 ) M 

To see that {iii) holds, observe that lAflA'l ^ (/i(G) — l/q^)n since, by Theorem 12. 2^ A\A' 
is a union of cosets of some subgroup HCiH', where H and H' are subgroups of index q (and 
hence H (1 H' has index q or g^). Now, since p = 6(1) and | SFo(G)| ^ n, by Corollary \2A\ 
the result follows by Chernoff's inequality. 

Now, let -B be a sum-free subset of G^ U . . . U G^^ with \B\ ^ {jJ'iG) — e')pn. For each 
i G [M], let B' = G'nB and let 



{.G[M]: |5-1^(MG)-c,)^} 



Suppose that i & I. Since B^ G B is sum-free, (z) implies that \ ^4*1 ^ e'pn/M for some 
A^ G SFo(G). Moreover, for every distinct i,j G /, the set B^ U B^ G B is also sum-free and 
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\B'UB^ = \B'\ + \B^ ^ {fi{G)-Cq)2pn/M. Thus, by (ii), we have \{B'UB^)\A\ ^ 2e'pn/M 
for some A G SFo(G). In particular, it follows from {Hi) that = A^ = A, since otherwise 

\G'nAnA'\ ^ \B'nAnA'\ ^ \b'\-\b'\a'\-\b'\a\ ^ -c^-Se')^, 

which contradicts (in), since Cq + 3e' ^ l/(2g^). 

Let A be the unique maximum-size sum-free subset of G satisfying A} = A for all i ^ I\ 
we claim that |i? \ y4| ^ e'pn. Indeed, by the definition of A* and (in), 

\B'\ ^ \G' n A| + \B' \A\^ {12(G) + 2e')pn/M 

and hence 

{^,{G)-e')pn ^ \B\ <: |/| + 2.') ^ + (M - |/|) (^G) - c,) ^, 

which implies that |/| ^ (1 — e)M. We conclude that 

\B\A\ ^ Y.\B'\A\ + Y.\B'\ ^ \n■'-^+{M-\I\)^^{G)■^^ ^ epn, 

as required. □ 

In the remainder of this section, we shall sketch the proof of Theorem 13.11 Let Gp be the 
p-random subset of G. Following [15], we define the associated measure of Gp, denoted fi, 
by yU = p'^ ■ XGp, i-e., = p~^ if x E Gp and = otherwise. Let S be the collection 
of all Schur triples in G and note that l^l = 0(r2^). Moreover, let V = SFo(G) U {G} and 
note that (by Corollary 12. 4p |V| ^ n + 1. The transference theorem proved in [15] asserts 
that a.a.s. for every function /: G — t- M with ^ / ^ /i, there is a function g: G [0, 1] 
such that 

E,e5/(si)/(s2)/(s3) ^ ^ses9{si)g{s2)9{s-i) - e (2) 

and 



^ e\G\ for all V eV. (3) 



AX] 

Moreover, we may assume that g takes values only in {0,1}, i.e., g is the characteristic 
function of some subset of G; see, e.g., [151 Corollary 9.7]. In particular, if we let / to be 
p~^ times the characteristic function of some subset of Gp, then we will see that for every 
B C Gp, there exists a B' C G such that \B' nV\ ^ p\B fl V\ for every V e V and the 
number of Schur triples in B' is by at most en'^ larger than p~^ times the number of Schur 
triples in B. Hence, if B ^ Gp is sum-free and \B\ ^ — Cq)pn for some small positive 

constant Cq, then the corresponding set B' has at least (fJ^iG) —Cq — e)n elements and at most 
en^ Schur triples. By Corollary [2]8l there is an A G SFo(G') such that \B' \ A\ ^ Se'^^^n. 
Finally, since A e V, we can conclude that |-B \ A| = 0{€^^^pn). 

To complete the proof of Theorem 13.11 we still need to argue how the results of Conlon 
and Cowers [12] imply that a.a.s. every function / with ^ / ^ /i can be approximated 
in the above sense by some g: G ^ {0, 1}. This implication would be a direct consequence 
of [ini Corollary 9.7] if S, the collection of Schur triples in G, was a so called good system, 
i.e., if S satisfied the following conditions: 
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(i) No sequence in S has repeated elements. 

(a) S is homogeneous, i.e., for every j G [3] and every x E G, the set {s E S : Sj = x}, 

denoted Sj{x), has the same size. 
(iii) S has two degrees of freedom, i.e., whenever some s,t E S satisfy Si = U for two 
distinct indices i, then s = t. 

Indeed, if S satisfied {i)-{in), then we could simply apply [151 Corollary 9.7], since for families 
with two degrees of freedom, the threshold for p required for the transference theorem is 
rr^l"^ , where 7 is defined by |5'j(x)| = rO . Since in our case 7 = 1, the threshold is at rT^I'^. 

Unfortunately, in our setting some sequences in S have repeated elements (Schur triples 
of the form {x,x,2x\ (x,0,x), or (0,x,x)) and when we remove them, the new set S is no 
longer homogeneous as, e.g., some y E G satisfy y = x + x for many different x. To overcome 
this problem, let 

D = \y E G: y = X + X for more than ^/n different x}. 

Since there are only n sums of the form x + x, it follows that \D\ ^ ^/n. Next, we let 
X = G\{D U {0}) and, instead of working with the collection of all Schur triples in G, we 
define the new set S as follows: 

S = {{x,y,x + y) e X^: X y}. 

Since ^ X, it follows that no triple in S has repeated elements. Moreover, for all j G [3] 

and every x E X, 

n — — 1 ^ ^ n, 

i.e., the new set S satisfies = (1 + o{\))n for all j G [3] and x E X. 

Before being able to state the version of the transference theorem that we are actually 
going to use, we need to do some preparation. Recall that for every j G [3] and s G X, we 
defined Sj{x) = {s E S: Sj = x}. Following [15], given functions hi,h2,h^: X — )■ M and 
j G [3], we define their jth convolution *j{hi, h2, h^) by 

*j{hi, h2, h3){x) = TgH- X] hi{si) . . . /lj_i(Sj_i)/lj + i(Sj+i)/l3(s3) 



seSj{x) 



X||S'-(x)| 



1^1 

Moreover, we define an inner product of real-valued functions on X by 



A crucial observation is that our (slightly modified in comparison with Definition 3.2]) 
definition of the convolutions *j guarantees that for each j, 

{hj,*j{hi,h2,h-i)) = ■r^^/ll(si)/l2(s2)/l3(s3) = IEseS^l(si)/i2(s2)/i3(s3)- 
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This allows us to write 

3 

E,^sf{si)f{s2)f{ss) - E,^s9{si)g{s2)g{ss) = Y,U - 9,*A9, ■ ■ ■ ,9,1, ■ ■ ■ , /)) (4) 

i=i 

and 

5^/(x)-5^(7(x) = (/-(?,Xy)-|X| for every vex. (5) 
x&v xev 

One of the main ideas in [15] is to use (jl]) and ([5]) to show that, if the inner products of two 
functions / and g with elements of some large class of functions on X do not differ much from 
one another, then / and g will satisfy ([2]) and ([3]). Due to various technical complications that 
would arise in the most straightforward approach, i.e., letting this large class of functions to 
contain all the convolutions *j, Conlon and Gowers work with so called capped convolutions 
Oj, defined by Oj[hi, h2, h^) = min{*j(/ii, /i2, /^s), 2}. They then define the class of basic 
anti-uniform functions, which are functions of the form Oj(^gi, . . . ,gj, fj+i, . . . , /s), where 
^ gi ^ 1, ^ fi ^ fj,, and is the associated measure of the p-random subset coming 
from some finite sequence, or of the form xv for some V & V (the characteristic functions 
are included in order to guarantee that ([3]) will also hold). 

After all these preparations, we can finally state the transference theorem of Conlon and 
Gowers [15] in the version which is best suited for our needs. 

Main assumption. Let rf, m G N and ri,X > be given. Let Ui, . . . ,Um be independent 
p-random subsets of X, and let yUi, . . . ,yUm be their associated measures. If p ^ po, then the 
following properties hold with probability 1 — , where C is a large enough constant: 

0. = 1 + o(l) for each 1 ^ i ^ m. 

1. If 1 ^ ii < i2 < is ^ m, and j G [3], then 

2. If j G {2, 3} and 1 ^ ij^i < . . . < i^ ^ m, then 

II *j (1) • • • ) I5 A'-ij+l' • • • ) A'-ia) lloo ^ 2. 

3. \{fi — < X if is a product of at most d basic anti-uniform functions. 

Theorem 3.2 ([151 Theorems 4.10 and 9.3]). Let e > 0. Let X be a finite set, let S be a 
collection of ordered subsets of X of size 3, and let V be a collection of subsets of X. Then 
there exist constants C,t], X > and rf, m G N such that the following holds. 

Let po be such that the main assumption holds for the triple {S,Pq,V) and the constants 
f], X, d, and m. Let U be the p-random subset of X , where Cpo ^ p ^ '^/C , and let ^ be the 
associated measure of U . 

Then, with probability 1 — o(l), for every function / : X — )• M with ^ / ^ /i, there exists 
a function (7: X — )■ {0, 1} such that ([2]) and ([3]) hold. 

Thus, in order to deduce that the conclusion we require, it suffices to check that the main 
assumption holds for our choice of X, 5, V and po = C / ^/n, for a large enough constant 
C. Indeed, Property easily follows from Chernoff's inequality, as it simply says that, with 
probability at least l—n~'~^ , the p-random subset of X has (H-o(l))p|X| elements. Moreover, 
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it is shown in ^15j that Property 3 is imphed by Properties 0-2, together with the fact that 
|V| ^ n + 1 = 2°^^^^^\ so we only need to argue that our system satisfies Properties 1 and 2. 

This is done in [15] in the case when S" is a homogeneous system with two degrees of 
freedom. In our case 5* does have two degrees of freedom but we only know that it is 'almost 
homogeneous', i.e., that |5'j(a;)| = (1 + o(l))n for every j and x. Fortunately, it is not hard 
(though somewhat tedious) to check that this is a sufficiently strong assumption to keep the 
arguments of [T^ valid; see [13 Lemma 7.2] and [TB], Lemma 8.4] plus the discussion below 
it. 

Finally, let us mention briefiy where the lower bound p ^ C / ^Jn in Theorem 13.11 comes 
from. Following [15], for each x G X let 

K{x) = [yeX : ^i(x)n53(y)^0}, 

and for each y G K{x), let 

W{x,y) = EseSiix)nS3{y)Ks2), 

where /i is the associated measure of some p-random subset of X. A crucial assumption in 
the proof of Property 2 (see [111 Lemma 8.4]) is that W{x,y) <^ p\K{x) \ for every x,y E X. 

Now, since our set S has two degrees of freedom, we have 15*1(0;) H S3{y)\ ^ 1 for every 
x,y E X, and therefore |-ft'(a;)| = |5'i(a:;)| = (1 + o{l))n. Furthermore, 

W{x,y) ^ max /i(s2) ^ -, 

s€Si{x)nS3(,y) p 

so it is enough to require that p^^ <^ p{l + o(l))n, which is equivalent to p ^ n^^^"^. 



4. AbELIAN GROUPS OF TYPE I 

In this section, we shall prove Theorem 11.21 For the sake of clarity of the argument, from 
now on, we will assume not only that q divides \G\, but also that G is of type 1(g), i.e., that 
q is the smallest prime q' that divides |G| and satisfies q' = 2 (mod 3). Since for each q, 
there are at most finitely many primes q' smaller than q that satisfy q' = 2 (mod 3), this 
assumption clearly does not affect the validity of our argument. 

We begin with the 0-statement, i.e., that if 

< P{n) ^ Cq\ , 

n \ n 

then with high probability not all maximum-size sum-free subsets of Gp are of the form 
A n Gp, with A G SFo(G'). In fact, we shall prove that with high probability none of them 
have this form. The proof uses Janson's inequality and the second moment method. 

Remark 4.1. If \ogn/n ^ p(n) <^ n^^/^, then the 0-statement in Theorem 11.21 becomes 
almost trivial. Indeed, since G contains at most Schur triples, then with high probability 
the set Gp itself is sum- free and (by Chernoff's inequality) 1^4 D Gpl < \Gp\ for every A G 
SFo(G). 
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Proof of the 0- statement in Theorem M.'A We wish to prove that, for each prime q = 2 
(mod 3), if Cq is sufficiently small then the following holds with probability tending to 1 
as n — 7- oo. Let G be an Abelian group of type 1(g) with \G\ = n, let 



logn /logn 

< P ^ Cg\ , 

n \ n 

and let Gp be a random p-subset of G. Then, for any maximum-size sum-free subset B C G^, 
we have \B\ > |yl fl Gp\ for every A G SFo(G). 

The proof will be by the second moment method. To be precise, we shall show that, given 
A G SFo(G), with high probability there exist at least IQyJpn logn elements x G Gp, each 
chosen from a sum-free subset of a subgroup of G disjoint from A, such that {A n Gp) U {x} 
is sum-free. It will be easy to bound the expected number of such elements using the 
FKG inequality; to bound the variance we shall need to calculate more carefully, using 
Janson's inequality. The result then follows by Chernoff's inequality, since the size of the 
sets {A n Gp : A G SFo(G)} is highly concentrated. 

To begin, observe that for any A G SFo(G), we have 1^41 ^ ra/S (by Theorem 12.11) and 



P {\\A<r} Gp| > A^pnlogn^ ^ 



by Chernoff's inequality (with a = 4y/pn logn) and by our lower bound on p. By Corol- 
lary |2]U it follows that, with high probability. 



\AnGp\ - p\A\\ ^ A^/pn^ogn for every A G SFo(G). (6) 



Throughout the rest of the proof, let A G SFo(G) be fixed. By Theorem \2.2\ there exists 
a subgroup if of G of index q such that A is a union of cosets of H. Since H is not sum-free 
(it is a subgroup), it follows that An H = ^. Recall that fJ^{H) ^ 2/7, by Theorem 12. and 
let E G SFq{H) be an arbitrary maximum-size sum-free subset of H, so 

\E\ = fi{H)\H\ ^ 



7q 



We shall find in E our elements x such that (AflGp) U {x} is sum-free. To this end, for each 
X G -E we define 

Ciix) = G A: X = ?/ + ?/|, 

C2{x) = |{?/, z} G : x = y + z^ , 

Csix) = !^{y,z} G l^^: x = y-z 

and let G(x) = Gi(x) U G2(x) U C^ix). Note that |G2(a;)| ^ n/2 and |G3(x)| ^ n for every 
X e E. 

We shall say that an element a; G -E is safe if no set in C{x) is fully contained in Gp. Thus 
X is safe if and only if the set {A fl Gp) U {x} is sum-free. We shall show below that, with 
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high probabihty, ECiGp contains more than lO^/pnlogn safe elements. Since E is sum-free, 
and if is a subgroup, we have E ± E C H \ E. Since A fl if = 0, it follows that the set 

B := (A n Gp) U {x e E n Gp : X is safe} 

is sum-free. By (E]), it will follow that B is larger than A' fl Gp for every A' G SFo(G). 

We begin by giving a lower bound on the expected number of safe elements in ii^ fl Gp. In 
fact, in order to simplify the calculation of the variance, below, we shall focus on a subset 
E" C E, defined as follows. First, let E' = {x E E: |Ci(x)| < 7q} and note that, since the 
Gi{x) are disjoint subsets of A, we have 

\E\E'\ ■ 7q ^ \A\ ^ n, 

and so \E'\ ^ \E\ —n/{7q) ^ n/{7q). Now, let E" be an arbitrary subset of E' of cardinality 
at least \E'\/2 such that there are no distinct x,y E E" with x = —y. Finally, let 5* be the 
number of safe elements in E". 

For each x E E, denote by Sx the event that x is safe. By the FKG inequality, we have 

P(5^) ^ (1 _p2yc.(.)uC3WI_ (7) 

Thus, since p ^ Cq-\J'^^, and using the bounds \E"\ ^ n/{lAq), |Ci(2;)| ^ 7q, |C2(a;)| ^ n/2, 
and |C3(x)| ^ n, we have 

where the last inequality holds if Cq is sufficiently small. 

The following bound on Var(S') will allow us to apply Chebychev's inequality. 

Claim. Var[5] = o{E[S]^). 

Proof. Given distinct elements x,y E E, define a graph J{x, y) on the elements of C {x)UC {y) 
as follows: let Bi ~ ^2 if 5i n ^2 7^ and Bi ^ B2. Now define 

where the sum is taken over all edges of J{x,y). For the sake of brevity, let Gi{x,y) = 
Ci{x) U Gi{y) and let G'{x,y) = G2{x) U G2{y) U G^i^x) U G^{y). By Janson's inequality, 

P(^. A Sy) ^ (1 -p2yC'(x,?;)|gA..,_ ^g) 

We claim that for each x,y E E" with x ^ y, 

A.,, ^ \Gi{x,y)\ ■ 6/ + \G'{x,y)\ ■ I2p' = 0{qp^ + np^). (10) 

Indeed, if Bi G Gi{x,y) U G'{x,y) and B2 G G'{x,y) are such that Bi n B2 = {z}, then 
i?2 = {z, z'}, where 

z' E [x — z, z — X, z + x,y — z, z — y, z + yY 

Thus, given Bi 3 z, there are at most six sets i?2 G G'{x,y) such that Bi f] B2 = {z}. It 
follows that for every Bi G Gi{x, y), there are at most six sets B2 G C"(x, y) with i?i ni?2 7^ 
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and for every Bi G C'{x,y), there are at most twelve sets B2 G C'{x,y) with _Bi fl i?2 7^ 0- 
The second inequahty follows since \Ci{x,y)\ = |Ci(a:)| + |Ci(|/)| < 14g and \C'{x,y)\ ^ 3n. 
Combining ([7]), ([9]), and ffTOj) . we obtain 

P(5, A Sy) < P(5,)P(5^)(1 _p2)C*(--,?/)eO(9P^+V)^ (11) 

where C*{x,y) = \C'{x,y)\ — \C2{x) U C^^x)] — \C2{y) U C^^y)]. Hence, it only remains to 
bound C*{x,y) from below. 

Recall that E" does not contain any pairs {x,y} with x = —y. Hence C3(x) fl C3(y) = 0, 
and trivially C2{x) fl 6*2(2/) = 0- It follows by elementary manipulation that 

\C'ix,y)\ ^ \C2ix) U Csix)\ + \C2iy) U Csiy)\ - \C2ix) n ^3(2/)! - \C2iy) n C3(x)|, (12) 

i.e., C*ix,y) ^ -\C2ix) n C,iy)\ - \C2iy) n C3(x)|. 

If C2{x) n C3(y) 7^ 0, then there exist a,b E A such that x = a + b and y = a — b, and thus 
2a = x + y and 2b = x — y. We split into two cases. 

Case 1: \G\ is odd. 

In this case the equations 2a = x + y and 2b = x — y have at most one solution (a, 6), and 
so 1^2(3:) nC3{y)\ ^ 1. Hence C*{x,y) ^ -2, and so, by ([II]), 

Thus, using the bounds p <^ n^^^'^ and WyS] ^ 1, 

Var[5] = (P(5, A Sy) - ¥{S^)¥{Sy)^ ^ E[S] + EfS]" ((1 - p2)~2gO(5p2+np3) _ 1 j 

^ E[S] + 0(g/ + np^)E[^]2 = E[^] + o(E[S]2) = o{¥.[Sf), 
as required. 
Case 2: IGj is even. 

Since \G\ is even, it follows (by Theorem 12. 2p that H is of index 2, and so A = G\H . Let 

/ := [heH: /i + /i = 0}, 

note that / is a subgroup of H ^ and let i = We claim that 

|C2(x)nC3(?/)| = or V2 ^ \C2{x)nCM\ ^ ^■ 

To see this, simply observe that if {a, b} G C2{x) fl C-si^y) and h E I, then {a + /i, 6 + /;,} G 
C2(a;) n Cziy)- Indeed, if a; = a + 6 and y = a — b ioi some a, 6 G A, then x = {a + h) + {b + h) 
and 1/ = {a+h) — (b+h), and a+Zi, b+h E A since A = G\H. Conversely, if x = a + b = a' + b' 
and y = a — b = a' — b' for some a, a', 6, 6' G A, then a' — a = b' — b^I. Hence, there are 
precisely i ordered pairs (a, b) with {a, 6} G G2{x) fl 6*3(7/). 

Next, note that there are at most / {2i) pairs {x^y} £ ) with |C2(x) fl 6*3(^)1 + 
|C2(y) nC3(2;)| > 0. Indeed, there are at most quadruples {a,b,x, y) in A^ x (E")^ with 
X = a + b and y = a — b, and there are at least i/2 such quadruples for each pair {x, y} as 
above. Moreover, for every x G E", either |C3(a;)| = or 16*3(0;) | ^ n/4, since any solution 
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(a, b) G of the equation x = a — b may be shifted by an arbitrary element of H. Hence, 
for such an x, 

where the second inequahty follows because there exists a matching in C^lx) of size |C3(x)|/3. 
(This follows because the graph C^i^x) has maximum degree 2; the worst case is a disjoint 
union of triangles.) 

Finally, we divide once again into two cases: i ^ ^/n and i > ^Jn. In the former case we 
have 

C\x,y) ^ -|C2(x)nC3(y)|-|C2(y)nC3(.T)| ^ -2v^, 

and so, by (iTTl) . 

nS.^Sy) ^ P(5,)P(5,)(l-/)-2v^e^(''P'+"P') = (l + o(l))P(S,)P(5,), 

since p^^/n + p^n = o(l). Hence Var[5'] = o(E[S']^), as required. 

If 2 > ^/n, we partition the sum '^^xyi^E" {^{^x A Sy) — ¥{Sx)^{Sy)) into two parts, 
according to whether or not |C2(x) fl C^{ii) \ + \C2{y) fl C3(x)| > 0. By (fT3|) . we obtain 

(P(S', A Sy) - P(S,)P(S^)) ^ E[S] + E[5]2 (^eO{9P^W) _ 1 j + !^ . e-P^n/i2_ 

x,yeE" ^ 

Now, recalling from ([8]) that E[5] ^ a^e'^p'" and noting that -^e-p'"/^^ ^ g-4p2„ 
sufficiently small, we deduce that 

Var[5] = o(e[S]^ + n^e-^P'''^ = o(E[S]^), 

as required. □ 

Since Var[5'] = o(E[S']^), the number of safe elements in E" satisfies 

2 40g 

with high probability, by Chebyshev's inequality. Finally, note that the events {Sx}xeE" 
depend only on the set A fl Gp, and recall that An E" = 0. Hence the events {x G Gp}xe£" 
are independent of the events {Sx}x£E", and so, by Chernoff's inequality, the number of safe 
elements in E" n Gp is at least pS/ 2 with high probability. 
Hence 

\{x e E" nGp-. X is safe} I ^ ^ • 6"^^'" > lO^pnlogn, 



where the last inequality follows from the bounds <^ p < c^y i^^, provided that Cg is 
sufficiently small and n is sufficiently large. Thus, by (E]), 

B := [An Gp) U {x e E" n Gp : X is safe} 

is larger than A' fl Gp for every A' G SFo(G'), and is sum- free, as required. □ 

We now turn to the 1-statement in Theorem 11.21 The proof uses Theorem 12.91 together 
with Janson's inequality. 
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Proof of the l-statement in Theorem M.'A Let g be a prime with q = 2 (mod 3). We shall 
prove that if Cq is sufficiently large, then the following holds with high probability as n — )■ oo. 
Let G be an Abelian group of type 1(g) with \G\ = n, let 



P > Cj^, (14) 
V n 

and let Gp be a random p-subset of G. Then every maximum-size sum-free subset B C Gp 
is of the form AnGp for some A e SFo(G). 

The proof will be roughly as follows. If a maximum-size sum-free subset -B C Gp is not of 
the form AnGp, where A G SFo(G), then there must exist a nonempty set S <^ Gp \ A and 
a set T C A n Gp satisfying \S\ ^ |T| such that B = S U {An Gp) \ T. We shall show that 
the expected number of such pairs (5*, T) is small when \S\ ^ epn, using Janson's inequality. 
The case |-B \ y4| > epn for every A G SFo(G) is dealt with using Theorem 12.91 

Let e > be sufficiently small and let i? be a maximum-size sum-free subset of Gp. Note 
that \B\ ^ \An Gpl for any A G SFo(G) and so, by Chernoff's inequality. 



with high probability as n — t- oo. Hence, by Theorem 12.91 we may assume that A| ^ spn 
for some A G SFo(G). We shall prove that in fact, with high probability, B = An Gp. 

We shall say that a pair of sets (5, T) is bad for a set A G SFo(G) if the following conditions 
hold: 

(a) ^ C Gp \ A and T C A n Gp, 

(6) < |S| = |T| ^ epn, 

(c) 5 U (A n Gp) \ T is sum-free. 

We shall prove that, for every A G SFo(G), the probability that there exists a bad pair {S, T) 
is o{l/n) as n — )■ oo. It will follow (by Corollary 12. 4p that with high probability no such pair 
exists for any A G SFo(G). By the above discussion, it will imply that Gp is sum-free good 
with high probability. We remark that a bound of the form o(l) on the probability of the 
existence of a bad pair does not suffice since the events \ ^ epn" and "there exists a 
pair {S, T) which is bad for A" are not independent of one another. 

Fix some A G SFo(G). As in the proof of the lower bound, for every x E G \ A, define 

Ci{x) = e A: X = y + and Gii^x) = \^{y, z} e : x = y + . 

We begin by proving two easy properties of the sets Ci{x) and C2{x), which will be useful 
in what follows. 

Claim 1. For every x G G \ A, we have max{|Gi(x)|, |G2(x)|} ^ n/{3q). 

Proof. By Theorem 12.21 there exists a subgroup of G of index q such that A is a union 
of cosets of H and AU {A + A) = G. It follows that x = y + z for some y,z E A, and that 
y + h, z — h E A foT every h E H. Thus {y + h, z — h} G Gi(x) U G2{x) for every h E H , and 
hence |Gi(a;)| + 2|G2(a;)| ^ \H\ = n/q. □ 
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Let A* = {x & G\A: |Ci(x)| ^ n/(3g)}. We now show that we can immediately disregard 
bad pairs that contain an element of A*. 

Claim 2. With probability 1 — o{l/n), there is no bad pair {S,T) with S Ci A* ^ ^. 

Proof. Let x G A*, so x E G \ A and |Ci(a;)| ^ n/{3q). If {S,T) is a bad pair for A with 
X G S, then Ci{x) H Gp C T, since S U {A n Gp) \ T is sum- free, and \T\ ^ epn. But by 
Chernoff 's inequality, we have 

\Ciix) n GJ ^ — > epn ^ \T\ 
6q 

with probability at least 1 — exp ( — ^) ^ 1 — By the union bound, with probability 
1 — o{l/n) this holds for every x E A*, and hence with probability 1 — o{l/n) there is no 
bad pair {S, T) with SnA* □ 

We now arrive at an important definition. Given a set 5 C G \ (A U A*) of size fc, let Qs 
denote the graph with vertex set A and edge set \J^^gG2{x). The key observation about Qs 
is the following: If (S*, T) is a bad pair for A, then A fl Gp \ T is an independent set in Qs- 
This follows because the endpoints of each edge of Qs sum to an element of S. 

By Claim[T]and the definition of A* , we have that |G2(a:)| ^ n/{3q) for every x E S. Since, 
by definition, G2(x) fl G2(x') = if x 7^ x', we have e{Qs) ^ kn/{3q). Moreover, each G2(x) 
is a matching (i.e., no two edges share an endpoint) and hence A(^5') ^ \S\ = k. 

Given a subset T C A of size k, let Qs,t = Qs[A \ T]. Note that e{Qs,T) ^ kn/{3q) — k^ 
and A{Qs,t) ^ k for every such T. Also, if {S,T) is a bad pair for A, then e{Qs,T[Gp]) = 0. 
Crucially, since the sets S, T, and A\T are pairwise disjoint, the events S C Gp, T C Gp, 
and e(^5_T[Gp]) = are independent. Hence, the expected number of bad pairs for A is at 
most 

5^ F{S C Gp) P(r C Gp) P(e(6;5,T[Gp]) = O), (15) 

S,T 

where the summation ranges over all C G \ (AUA*) and T C A with 1 ^ l^l = \T\ ^ epn. 
Fix a A; with 1 ^ k ^ epn and let S" C G \ (A U A*) and T C A he sets of size k. Let 
= E[e(^5'^r[Gp])] and observe that 

, ^ MOs.r) > - > (16) 

since k ^ en and e is sufficiently small. Furthermore, let A = X]_Bi~B2 ^^^^^ t'^^ 

summation ranges over all -Bi,i?2 ^ E{Qs,t) such that i?i 7^ B2 and i?i fl -B2 7^ (in other 
words, Bi and -B2 are two edges of Qs.t that share an endpoint), and note that 

A(^5,t)\ 3 ^ ^3; 2^ 



By Janson's inequality, if A ^ /i, then (fT6|) and (IT^ imply that 

P(e(^5,T[Gp]) = 0) ^ 6-^^/2 ^ j^g-p2„/(i2,)j'= ^ ^_5fc 
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and if A ^ /i, then (fT7|) implies that 

Hence, using f lT5]) . for those k such that A ^ /x, the expected number of bad pairs {S,T) 
with IS"! = \T\ = k is at most 



2k -5k ^ -3k ^ -3 



Also, recalling that k ^ epn, for those k such that A > /i, the expected number of bad pairs 



(^,r) with \s\ 



T\ 

2 



k is at most 



\ 2k pn 













- pn 



< e 



whenever e is sufficiently small and n is sufficiently large (depending only on q). It follows 
that epn ■ max{n~^, e~^} is an upper bound on the probability that there exists a bad pair 
{S,T) for A. Since | SFo(G)| ^ n, the expected number of pairs {S,T) which are bad for 
some A G SFo(G') tends to as n — > oo. This completes the proof. □ 



5. Lower bounds for other Abelian groups 

In this section we shall prove the following three propositions, which show that the thresh- 
old for some groups can be much larger than that determined in Theorems 11.11 and 11.21 The 
first of these results shows that for certain groups of Type II, the threshold is at least 
(nlogn)"^/^. Recall that Gp denotes the j9-random subset of G. 

Proposition 5.1. Let q be a prime with q = I (mod 3), let n = 3q, and let G = Z„. // 

log n , , / 1 ^ ^''^ 

< p{n) < ' 



n \n log n 

then, with high probability as n ^ oc, there exists a sum-free subset of Gp which is larger 
than A n Gp for every A e SFo(G). 

The second result gives the same bounds for groups of Type I of prime order. 

Proposition 5.2. Let q be a prime with q = 2 (mod 3), let n = q, and let G = Z„. // 

1 / 1 \ 1/3 

logn , , / 1 \ ' 

< p{n) < 



n \n log n 

then, with high probability as n oo, there exists a sum-free subset of Gp which is larger 
than AnGp for every A e SFo(G). 

The third proposition shows that for the hypercube {0, l}'^ on 2n vertices, the threshold 
is different from the threshold for Z2„. 
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Proposition 5.3. Let C < 1/2 and let k,n satisfy n = T"^^ , and let G = Z'l. If 



\ogn Chgn 

< P ^ v , 

n \ n 

then, with high probability as n ^ oo, there exists a sum-free subset of Gp which is larger 
than AnGp for every A e SFo(G). 

The proofs of Propositions 15.11 and 15.21 are almost identical and are based on the following 
general statement providing a lower bound for the size of a largest sum-free subset of the 
p-random subset of Z„. 

Lemma 5.4. Let G = and let m = min{?T,,p~^}/100. // 

logn , , 

< p(n) < 1, 

n 

then, with high probability as n ^ oo, the largest sum-free subset of Gp has at least 

pn pm I 

Y + ^ 4Vpnlogn 

elements. 

Proof. The idea is as follows: First, we construct a sum-free set A C G of size about 
n/3 — 2m; then we observe that A^Gp typically has at least pnj?) — 2pm — 4^^/pn\ogn 
elements; finally, we show that, with high probability, we can add 9pm /A elements to AnGp 
while still remaining sum-free. 

We begin by letting A = {i, . . . , r}, where i = In/S] + lAm] + 1 and r = L2r?,/3J + \ 2m\ . 
Observe that A is sum-free, since 2i > r and 2r — n < i, and that 

- ^ 2m -3 ^ L4 ^ 2m. 

4 3 ' ' 3 

By Chernoff 's inequality (applied with a = 3^/pnTogn) and our lower bound on p, we have 

\AnGp\- -2pm^ ^ 4:^/pnlogn (18) 

with high probability. 

Next, let A' = {f , 1} and let A" = {r', ...,r}CA, where f = \n/3] + [m] + 1 

and r' = [2n/3j — [m] . Since A is sum-free, 2£' > r and (r' — 1) + r — n < i', it follows that 
every Schur triple (x, y, z) in AU A' satisfies x,y E A" and z G A'. 

For every x E A', let 

Gi{x) = |y G A": x = y + yy C2{x) = G (^"^ ^ : x = y + z}, 

and C{x) = Gi{x)UG2{x). Moreover, note that \Ci{x)\ ^ 1 and \G2{x)\ ^ \A"\/2 < 2m for 
every x G A'. Call an x G A' safe if no 5 G C{x) is fully contained in Gp. By the above 
observation about the Schur triples in AU A', the set 

{A nGp) U {x e A': X is safe} 

is sum- free. 
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In the remainder of the proof, we will show that a.a.s. A' n Gp contains at least 9pm /A 
safe elements. Together with ( fT8l) . this will imply the existence of a sum- free subset of Gp 
with at least pn/3 + pm/A — Ay/pn logn elements. 

For each x & A', denote by Sx the event that x is safe, and let 5* be the number of safe 
elements in A'. As in the proof of the lower bound in Theorem 11.21 by the FKG inequality 
we have 

E[S] = J2nS.) > ^(l-p)l^^(-)l(l-/)IC2(x)| ^ |^'|e-3p^™ ^ 1^. 

x£A' xeA' 

Here we used the bounds |Ci(x)| ^ 1, |C2(x)| ^ 2m, \A'\ ^ 3m — 2 and p'^m ^ 1/100. 
Similarly, using Janson's inequality, we obtain 

Var[S] = (^(-^^ ^ ^y) - ^iS-)HSy)) ^ + ¥.[Sf (^e^(p'+p'™) _ i 

x.yeA' 

^ E[S] +0{p^+ p^m) ■ E[5]2 = o(E[S]2). 

To see this, observe that ([9]), (fTOl) . and (ITT]) still hold (with n replaced by 2m) and that 
C*{x,y) = 0. The last inequality follows from the fact that + p^m <^ 1. 
By Chebyshev's inequality, 

^fir, ^roni ^[5] \ 121 Var[5] 
P LS - E[S]\ > ^ ^.^^.^ ^ = o(l). 



11 ; " E[SY 

and it follows that, with high probability, the number of safe elements in A' satisfies 

^ 10E[g] ^ 5m 
^ 11 ^ 2 ■ 

Finally, note that for every x G A', the event S'^, is independent of the events {y G Cpj^g^/. 
Hence, by Chernoff's inequality, with high probability the number of safe elements in A'CiGp 
satisfies 

I r A/ ^ r ^ \ ^P^ 9pm 

\\x & A n Gp : X IS safej | ^ ^ ^ , 

as required. □ 

Propositions 15.11 and 15.21 both follow easily from Lemma 15. 4( since the proofs are almost 
identical, we shall prove only the former and leave the details of the latter to the reader. 

Proof of Proposition 15. 1[ Fix an A G SFo(G) and recall that \A\ = n/3 by Theorem 12.11 
(Under the assumptions of Proposition 15.21 we would have that \A\ = \n/3], again by 
Theorem I2.ip . Thus, by Chernoff's inequality (with a = 4y/pn logra) and our lower bound 
on p, we have 

( |A n Gpl - y > 4v/pnlogn) ^ ^. 



P 



Hence, by Corollary 12.51 (Corollary [2^ in the proof of Proposition [5]2]), with high probability. 



pn 



AnGpl ^ ^ + 4Vj9nlogn for every A G SFo(G). (19) 
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Now, by Theorem 15.4^ with high probabihty Gp contains a sum-free subset with at least 

pn pm I — 

Y + ^ 4Vpnlogn 

elements, where m = min{r2,p^^}/100. 

Finally, observe that pm ^ \/pn logra, since if m = n/100, then this is equivalent to 
pn ^ logn and if m = l/(100p^), then it is equivalent to p^nlogn ^ 1. Hence, by ( JTOl) . 
there exists a sum-free subset of Gp that is larger than A^Gp for every A G SFo(G'). □ 

We shall now prove Proposition 15.31 Note that for the hypercube, the conditions x = y + z 
and X = y — z are the same and so we have fewer restrictions for a vertex to be safe. This 
allows us to show that the threshold is different than in the case G = Z2n. 

Proof of Proposition 15. 31 With each non-zero element a G G = Zg, we can associate the 
subgroup E{a) of elements that are orthogonal to a (when viewing as a linear space over 
the 2-element field); note that E{a) has index 2 and let 0{a) = G \ E{a) to be its non-zero 
coset. Note that n = \E{a)\ = \0{a)\, that 0{a) is sum-free, and that, by Theorem 12. 2[ every 
element of SFo(G) is of the form 0{a) for some non-zero a ^ G. By Chernoff's inequality, 
for every a G G \ {0}, 

P (^||0(a) n Gp\ -pn\ > 4:^ypn log r?j ^ 
and hence, with high probability. 



I |0(a) n Gp\ — pn\ ^ 4^/pnAogn for every a E G \ {0}. 

Let 1 G G be the all-ones vector. To simplify the notation, let E = E{1) and O = 0(1). 
Since E is isomorphic to Zg"^, E contains a sum-free subset of size 2^^'^^. Choose one such 
subset and denote it E'. Note that ^ E'. 
For each x E E', let 

Cix) = I {y, z} G ( ^ ) : x = y + z 



and note that |G(x)| = n/2. Call an x E E' safe if no -B G C{x) is fully contained in Gp, 
and for every x G E', denote by the event that x is safe. Let e = 1/4 — G/2 > 0, let 

np"^ G log n f 1 \ 

:= — ^ = [j-'r^''' 

and observe that, by the FKG inequahty. 



P(5,) ^ (1 - p2)"/2 ^ exp - /X - 0(n/)) ^ 



2 

since np^ <^ 1. Let S be the number of safe elements in E' and note that 

3/4+e 
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Since for two distinct G E' , the sets C{x) and C{y) are disjoint, it follows from Janson's 
inequality (as in the proof of Theorem 11.21) that 

P(5,. A Sy) ^ (1 _p2yc(.-)UC(y)|gnp3 ^ ^ o(l))P(5JP(5^) 

and hence Var[5'] = o(E[S']^). By the inequalities of Chebyshev and Chernoff (as in the proof 
of Lemma 15.41) , with high probability the set 

(O r]Gp)\J {x e E' nGp-. X is safe} 

is sum- free and larger than 0(a) fl Gp for every non-zero a ^ G. □ 

6. The group 

Let E2n and 02„ denote the sets of even and odd elements of Z2„, respectively, and recall 
that is the unique maximum-size sum-free subset of Z2„. Let G = Z2„ and recall that 
Gp denotes the p-random subset of G. We shall prove Theorem 11.11 which gives a sharp 
threshold for the property that SFo(G'p) = {Gp fl 02n}- 

For each x G E2n H [n — 1], let 

Gi{x) = ^^y e 02n - X = y + 

Csix) = |{?/, z} G (^2"^ ■■ x = y-z^ , 

and let C{x) = Ci{x) U C2{x) U C^^x). Call such an element x safe if no S G C{x) is fully 
contained in Gp and observe that x is safe if and only if {Gp fl 02n) U {x} is sum-free. 

The following heuristic argument explains where the constant 1/3 in the statement of 
Theorem 11.11 comes from. To establish the 0-statement, it is enough to prove that, with high 
probability, Gp contains some safe element. Since |Ci(a;)| ^ 2 and \G2{x) U G^^x)] ~ 3n/2 
for all X G E2n fl — 1] , we have that 

E[#safe elements in Gp] ^ p ■ {1 - p2)3n/2 . ^^^^ n[n-l]\^ pe-^P^'^''^n/2. (20) 

Now, note that the right-hand side of fl2Ul) grows with n precisely when p^n ^ ^ log n, so, 
at least in expectation, the sharp threshold for the property of containing a safe element 
is at j9 = A/log n/ (3n). To establish the 1-statement, one needs to prove that, with high 
probability, there are no S* C Gp n E2n and T C Gp fl 02n with |T| ^ \S\ and jS"! ^ 1 such 
that {Gp \ T) U S" is sum-free. Theorem 12.91 rules out the possibility that such sets exists 
with 15*1 = VL{pn). Otherwise, it turns out that the 'worst' case is already when 15*1 = 1 and 
|T| = 0; showing this is the most difficult and technical part of the proof. In other words, 
the threshold for the property of being sum-free good is the same as the threshold for the 
property of (not) containing a safe element. 

We now turn to the rigorous proof of Theorem 11.21 and begin by proving the 0-statement. 
Even though we compute the precise value of the threshold, the proof is somewhat simpler 
than in the general case. 



24 



JOZSEF BALOGH, ROBERT MORRIS, AND WOJCIECH SAMOTIJ 



Proof of the ^-statement in Theorem \l.l\ Assume that 



logn ^ ^ \ogn 
n \ 6n 

and let Gp be the p-random subset of G = Z2n- We shall prove that, with high probability, 
Gp n contains a safe element and hence there exists a sum-free subset B C Gp that is 
larger than Gp fl 02n- 

Indeed, for each x G i?2n H — 1], denote by Sx the event that x is safe and let S denote 
the number of safe elements in fl [n - 1]. Note that |Ci(x)| ^2, f - 1 ^ |C'2(x)| ^ |, 
and 1 6*3(0:) I = n for every x G H [n — 1], where we used the fact that x 7^ —x for every 
such X. By the FKG inequality, 

F{Sx) ^ (l-p)lt^iWI(l-p2)|C2WuC3WI ^ exp(^-^ + 0(j9 + A) 
and so, since 3p^n ^ logra. 

The calculation of the variance is similar to those in the proofs of Theorem 1 1 . 2 1 and Lemma [5^ 
and we omit the details, noting only that C2{x) H C2{y) = Csi^x) H Csi^y) = and \C2{x) fl 
C3{y)\ ^ 4 if a; 7^ —y. Using the fact that i?2n H [n — 1] and -{E2n n [n — 1]) are disjoint, we 
obtain 

Var[5] = J2 {^(^- ^ - ^iSxM^y)) ^ E[5] + E[5]' (^e°(p'+V) _ 

x,yeE2nr\[n~l] 

^E[S] + 0{p^ + np^)E[S]^ = o{E[S]^), 

since K[S] ^ 1, by f l?I]) . and p^n = o(l). Hence, by Chebyshev's inequality, with high 
probability the number of safe elements satisfies 

^2^6 

Finally, for each x G E2n, the event x G Gp is independent of all the events {Sx}x£E2„n[n-i], 
so the probability that no safe element belongs to Gp (given 15*1 ^ E[5']/2) is at most 



as required. □ 

In order to obtain the 1-statement, we shall have to work much harder. To show that 
all sum- free sets B with at least epn even numbers are smaller than Gp fl 02n, we shall use 
the result of Conlon and Gowers (Theorem 12.91) . as in the proof of Theorem 11.21 When 
\B n E2n\ = o{pn), however, we shall need to study carefully the structure of the graph Qs 
for each 5* C E2n, where V{Qs) = 02n and E{Qs) consists of all pairs {a, 6} such that either 
a + 6 G 5, or a — 6 G 5. 
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Proof of the 1-statement in Theorem \l.l\ Let 5 > 0, let C = C{n) ^ — h 5, let 

3 



/Clogn 
V n 

and let Gp be the p-random subset of G = Z2n- We shall prove that, with high probability, 
Gp n 02n is the unique maximum- size sum-free subset of Gp. 

Let £ > be sufficiently small and let S be a maximum-size sum-free subset of Gp. Note 
that \B\ ^ IGpH 02n\ and so, by Chernoff's inequality. 



with high probability as tt, — )■ oo. Hence, by Theorem 12. 9[ we have \B\O2n\ ^ ^pn with high 
probability. 

Let S = B n and suppose that \S\ = k for some positive k ^ epn. Since B is at least 
as large as Gp fl 02n, there must exist a set T C Gp fi 02n, with |T| ^ k, such that 

5 = SU{Gpn02n)\T. 

We shall bound the expected number of such pairs {S, T), with \S\ = k and T minimal. 

For each set S C £'2n, define Qs to be the graph with vertex set 02n whose edges are all 
pairs {a, b} G C^g") ' ^^'^^ ^^^^ either a + feGS" or a — foGS". Note that we ignore loop^. We 
say that a pair of sets {S, T) is good if the following conditions hold: 

(z) S C GpHEan, with |5| = k, 

(m) T C Gp n Can, with |T| ^ A;, 

(in) Gp \ T is an independent set in Qs, 

{iv) Gp \ T' is not independent for every T' C T. 

It is a simple (but key) observation that ii B = SU {Gpr\02n)\T is a maximum-size sum- free 
subset of Gp with \T\ ^ jS*! = fc, then {S,T') is a good pair for some T' C T. Indeed, every 
edge of Qs[Gp n Oan] niust have an endpoint in T since S U (Gp fl 02n) \ T is sum- free. Now 
take T' C T to be minimal such that this holds. 

Let m denote the number of pairs {x, —x} C S, where x G E2n H [n — 1], and let ls{x) 
denote the indicator function of the event x E S. 

Claim 1. eiGs) ^ - n?j n - 0(P) and A(^s) ^ 3fc. 

Proof. Each x E S (other than x = n, which contributes n/2) contributes n edges {a, b} with 
a — 6 = X to Qsy with two edges incident to each vertex of Oan- The edge sets corresponding 
to different members of S are disjoint, except for those corresponding to x and —x, which 
are identical. Thus the pairs {a,b} with a — b E S contribute at least [k — m — |l5(r;,))r;, 
edges to ^s, and there are at most 2{k — m) ^ 2k such edges incident to each vertex. 



''Hence we prove a slightly stronger result - even if we allow Schur triples of the form (a, a, 2a) to be 
contained in a sum- free set, the odd numbers are still the best. 
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Now consider the pairs {a, b} with a + 6 G S*. Each x & S contributes at least (n — 2)/2 
such edges (since there are at most two loops, at a;/2 and n + x/2) and these sets of edges 
are disjoint for different members of 5*. Moreover, each vertex is incident to at most k such 
edges, and so A{Qs) ^ 3 A;. 

Finally, if for some {a, b}, both a + b and a — b are in S, then {a, b} = {x + y,x — y} or 
{a,b} = {n + X + y,n + X — y}, where 2x, 2y G S. There are at most such pairs {2x, 2y}, 
and so the number of pairs {a, b} with a + b ^ S and a — 6 ^ S* is at least nk/2 — Hence 
the total number of edges is at least 

15(71)^ nk 



k — m n + — — 3k 

2)2 

as required. □ 

The following idea is key: 

Claim 2. If a pair {S,T) is good, then there exists a subset U C (Gp fl 02„) \ T with 
\U\ ^ |T|, such that T C Ngg{U) and in Qs there is matching of size \U\ from U to T. 

Proof. To see this, we simply take a maximal matching M from T to Gp \ T in ^5 and let 
U be the set of vertices in Gp \ T that are incident to M. By construction, \U\ = \M\ ^ |T| 
and M is a matching of size \U\ from U to T. 

It remains to prove that T C Ngg{U). Suppose not, i.e., assume that there is a vertex 
a G T \ Ngg{U). Since Gp \ T is an independent set in Qs and T is minimal, it follows that 
a has a neighbor b €1 Gp\T. But a ^ Ngg{U), so b ^ U, and thus M U {a, 6} is a matching 
from T to Gp\T which is larger than M. This contradicts the choice of M. It follows that 
T C Ngg{U), as claimed. □ 

The plan for the rest of the proof is the following: Say that a triple [S, T, U) is good if 
{S,T) is good, U C {GpH Osj \ T and T C Ng^{U). Let Z' = Z'{k,i,m,j) denote the 
number of good triples {S, T, U) with \S\ = k, \T\ = |[/| = j, and with m pairs {x, —x} in 
S", and let 

epn fc/2 fc ^ 
A:=l m=0 £=0 j=0 

By Claim |2] and the discussion above, if there exists a maximum-size sum-free set B 7^ 
Gp n 02n, then Z ^ 1, and hence 



p(SFo(Gp)^{Gpn02„}j ^ E[Z] = 5^ E[Z'(A;,£,m,j)]. (22) 

k,l,m,j 

It thus will suffice to bound E[Z'(fc, £, m, j)] for each fc, £, m, and j. We shall prove that 

E[Z'(A;,£,m,j)] ^ ^"^'^ if ^ 1, and E[Z'(fc, ^, m, j)] ^ otherwise. 

Let us fix fc, m, £, and j, and count the triples (5, T, f/) which contribute to Z'{k, i, m,i). 
There are at most 3^ choices for the set S" if n ^ 5 (since S intersects k — moi the pairs 
{x, —x}), and similarly there are at most 3'^(^_^_-^) choices for S li n E S. Also, regardless 
of whether n ^ S or n ^ S, there are at most (^) choices for S with 15*1 = k. 
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Now, for each S C and i,j G N, let W{S, denote the number of pairs (T, U) such 
that T,U CGpH Can, T n ?7 = and T C Ng^^U), with \T\ = i and \U\ = j. 

Claim 3. If 15*1 = A; and O^j^i^k^ epn, then 

E[W{S,i,j)] ^ (3eVn)'= < (Clogn)'^ (23) 

Proof. We have at most (") choices for U and, given S and U, there are at most (^^-') choices 
for T since T C Ngg{U) and A(^5) ^ 3A;. Since T and f/ are disjoint, the probability that 
T and U are contained in Gp is p^'^K 

To simplify the computation, note that for fixed i and k with ^ £ ^ A; ^ epn, the 
functions and (^f ) are increasing in j if ^ j ^ i. Therefore, 

nwisj.)] < f f ) < r'C;) f f) « (^)'. (24) 

Since, for any a > 0, the function x i— )■ (^)^ is increasing for ^ x ^ ^ and since 3e^p^n ^ 1 
and ^ i ^ k, the quantity in the right-hand side of (12^ is maximized when £ = k. This 
yields (El. □ 

Finally, recall that if {S, T, U) is good, then no edge of the graph 

Qs,T,u := gs[02n\{TUU)\ 

has both its endpoints in Gp. Let S{k,m) denote the set of 5 C with 15*1 = k and with 
m pairs {x, —x} in S. Since the vertex set of Qs,t,u is disjoint from S U T U U, it follows 
that the events e{Qs,T,u[Gp]) = and S,T,U C Gp are all independent. Therefore, 

E[Z'{k,i,m,j)] ^ Yl P(5CGp)-E[iy(5,£,j)] ■max{p(e(fo,T,t/[Gp]) =0)}, (25) 

where the maximum is taken over all pairs {T,U) as in the definition of W{S,i,j). Hence, 
to complete the proof, it only remains to give a uniform bound on the probability that 
e{Qs,T,u[Gp]) = 0. We shall do so using Janson's inequality. 
Note first that, by Claim [H A{gs,T,u) ^ A{Gs) ^ 3A; and 

e{gs,T,u) > eiGs) - (|T| + |f/|)A(^,) = ^^^^^I^LzI^M ^ , _ o{e) ^ ^, (26) 

where the final inequality follows since 2m ^ A; -C n. Set 

3k 

jj = —p^n and ^' = p^ ■ e{gs,T,u) 
and observe that /i/3 ^ /i' ^ yU, by fl26|) . and that 

kYn ^ A' := J2 P^''"'"'"^ ^ (^2)^'''' ^^^^ 
where the sum is over pairs of edges of Qs,t,u that share an endpoint. There are two cases. 
Case 1. A' ^ n'. 
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In this case, we shall show that K[Z'{k,i,m,j)] ^ n By Janson's inequality and fl2^ . 
we have 



< e 



exp 



2m+ls{n) 2 , 2,2- 



{2i 



Suppose first that A' ^ e^. Then fcp ^ 1, by fl27|) . and so 
since p^n = Clogn and C > 1/3 + 2e, provided that e > is sufficiently small. Moreover, 



+ 2e]k\ogn, (29) 



J2 exp 

S&S{k,m) 



2m + ls{n) 



n 

k — m 



+ 



n 



k — m — 1 



(1 + A;n^-i) 



(30) 



by the discussion above Claim |3l and sinc^ 2m ^ k and e^^" = n*". 
Hence, combining Claim [3] with f l25|) and ( |28|) -( |30|) . we obtain 

E[Z'(fc,£,m,j)] ^ /■(Clogn)^'^ max {p(e(6;5,T,i/[GJ) = o) } 

5e<S{fc,m) 



^ (0(l)-j9-(Clogn)2.n-i/2-2. 



(A;n^-i)'"(l + A;n^-i) « 



n 



-ek 



(31) 



as n oo, assuming that C < 1/2 (which implies that krf'^^ < 1, since kp ^ 1). If 
C ^ 1/2, then a similar calculation works, but we do not need to estimate so precisely, as 
we can obtain a much stronger bound in (129!) . which allows us to replace the 7^-i/2-2e term 
in f pT]) with ra"^*^/^; moreover, we recall that m ^ k/2 and if C ^ 4, then pn ^ 2v^n logn. 
We leave the details to the reader. 

The case e/i < A' ^ /i' is similar, so we shall skip some of the details. Note that 3kp > e, 
by (!27|l . and hence pn/k < (3/e)p^n = (3C/£:)logn. Observe also that (!30l) still holds and 
that 

A' ^/ 2,2^ 2/i 3C, , 



:n, 



2 ^ 5 5 

since A' ^ fi' ^ fi and k <^n. Thus fl3T|) becomes in this case 

E[Z'(fc,£,m,j)] ^ (o(l)-p-(Clogn)2-n-=^^/^-^)''(A:n^-^)"(l + A;r2^-^) < 

since m ^ A;/2. It follows that if A' ^ /i', then E[Z'(A;, m, j)] ^ n"'^'^, as claimed. 

Case 2. A' ^ /x'. 



n 



*Here we used the usual bound (^) ^ (^) , except when A; — m = 1, in which case (j,_,"_]^) = 1- 



RANDOM SUM-FREE SUBSETS OF ABELIAN GROUPS 



29 



In this case, we shall show that K[Z'(k,i,m,j)] ^ e Indeed, by Janson's inequality, 
^{e{gs,TAG,]) = O) ^ exp ^ exp ^ e--/36, 

by (1271) . and since /x' ^ ^. We shall also need an improved version of Claim |3] when k is large, 
since the upper bound ('^^■') on the number of choices for T becomes very bad. Fortunately, 
the following bound is trivial: 



where the second inequality follows since j ^ £ ^ k ^ epn. Finally, recall that we have at 
most (2) choices for S, and that pn ^ y/n. By fl25|) . it follows that 

E[Z'{k,i,m,j)] ^ p'' Yl ^f{^{<Ss,T,u[Gp])=0)} 



SeS{k,m) 



n 



since k ^ epn, as claimed. 

Having bounded E[Z'] in both cases, the result now follows easily by summing over fc, £, 
m, and j. Indeed, by (122]) . together with the application of Theorem 12.91 noted at the start 
of the proof, we have 

epn k/2 k I 



p(sFo(Gp)^{G,n02„}) ^ J]J]E[Z'(A;,£,m,j)] + 

k=\ m=0 ^=0 i=0 

^ + l)3max|r^"^^e"^| + o(l) ^ 



fc=i 

as n — )■ oo, as required. This completes the proof of Theorem ll.il □ 
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